
0.1 Profinite Groups (continued)

Definition 0.1.1. lim←−Gi, the inverse limit of Gi is the terminal object in the new category. That
is, lim←−Gi is the unique object (X, {χi}) such that there exists exactly one homomorphism to it
from any other object.

Theorem 0.1.2. This new category contains a terminal object, (X, {χi}). We writeX = lim←−Gi.

Proof. Given (Gi)i∈I , set C =
∏

i∈I Gi. Let πi : C → Gi be the ith projection map, let
X = {c ∈ C|πij(πi(c)) = πj(c) whenever i ≥ j}, and let χi = πi|X .
(i) X is nonempty because it contains the identity. C is a group, and it can be easily checked
that X ⊆ C is a subgroup, so X is a group. Also, by construction, diagrams

X

~~   

Gi
// Gj

commute, and therefore (X, {χi}) is an object in the category.
(ii) Given any (H, {φi}) in the new category, define a homomorphism
φ : (H, {φi})→ (X, {χi}) defined by φ(h) = (φi(h))i∈I . Then this is a group homomorphism
and diagrams

H

φi   

φ
// X

χi
~~

Gi

commute. Since this construction is forced, it is the unique such homomorphism.

Remarks:

1. For our running example, lim←− NiCG
finite index

G/Ni is denoted Ĝ, the profinite completion ofG. In

particular, there exists a unique homomorphism G→ Ĝ such that the following diagram
commutes.

G

!!

// Ĝ

}}

G/Ni
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2. An inverse limit of finite groups is called a profinite group.

3. If we started with normal subgroups, Ni, such that G/Ni is in the class C, we call
lim←−G/Ni the pro-C completion of G.

Example: G = Z. We will describe Ẑ. First, notice that the finite quotients of Z are Z/i
for i = 1, 2, . . . , and that i ≥ j means that iZ ⊆ jZ, which is true if and only if j|i. Then
Ẑ = {(a1, a2, a3, . . . )|ai ∈ Z/i, ai (mod j) = aj if j|i}. There is a homomorphism Z → Ẑ
defined by a 7→ (a (mod 1), a (mod 2), a (mod 3), . . . ). This map cannot be surjective, as Ẑ
is uncountable while Z is countable, but it is injective.

In general, G → Ĝ need not be injective. For example, Q has no subgroups of finite
index, so Q̂ is trivial. In fact, the map G → Ĝ is injective if G is residually finite. If we give
each Gi the discrete topology (i.e., every point is an open set), then C is a topological space.
X = lim←−Gi is Hausdorff and totally disconnected. It is also compact, because in a Hausdorff
space with continuous functions f and g, the set of all x such that f(x) = g(x) is closed, so
X = ∩i≥j{c ∈ C|πij(πi(c)) = πj(c)} is the intersection of closed sets and therefore closed.
Since X is a closed subset of a compact space C, it is compact.

Example: Fix any prime p and consider Gal(Fp/Fp). Fp = ∪n≥1Fpn , and the set {Fpn} is
partially ordered. We have natural restriction maps φi : Gal(Fp/Fp)→ Gal(Fpi/Fp) and a map
πnm : Gal(Fpn/Fp) → Gal(Fpm/Fp) defined whenever m|n, such that the following diagram
commutes whenever it is defined.

Gal(Fp/Fp)
φn
//

φm ))

Gal(Fpn/Fp) ∼= Z/n
πnm

��

Gal(Fpm/Fp) ∼= Z/m

Note that Gal(Fpn/Fp) is a cyclic group of order n, generated by the Frobenius element, Fr:x 7→
xp, and so πnm corresponds to the natural quotient map Z/n→ Z/m. Taking the inverse system
consisting of (Z/i)i∈I , (Gal(Fp/Fp), {φi}) is an object in the new category associated to this
inverse system. Then, by the definition of terminal object, there exists a unique homomorphism
Gal(Fp/Fp)→ lim←−Zi/i = Ẑ. We show in the next theorem that this is an isomorphism.

Theorem 0.1.3. Let L/K be a (possibly infinite) separable algebraic Galois extension. Then
Gal(L/K) ' lim←−Gal(Li/K), where the limit runs over all finite Galois subextensions, Li/K.
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Proof. We have restriction maps, φi, φj such that the following diagram commutes whenever
Li ⊇ Lj , i.e., whenever i ≥ j.

Gal(L/K)
φi //

φj ''

Gal(Li/K)

��

Gal(Lj/K)

Then (Gal(L/K), {φi}) is an object of the new category associated to the inverse system of
(Gal(Li/K)), and we get a homomorphism Gal(L/K)

φ−→ lim←−Gal(Li/K). We claim that φ is
an isomorphism.
(i) Say 1 6= g ∈ Gal(L/K). Then there exists an x ∈ L such that g(x) 6= x. Let Li be a finite
Galois extension of K containing x. Then 1 6= g|Li

= φi(g). So φ(g) 6= 1 and φ is injective.
(ii) Take (gi) ∈ lim←−Gal(Li/K) where if Li ⊇ Lj then gi|Lj

= gj . For x ∈ L, define g(x) =
gi(x) for any i such that x ∈ Li. This is well-defined because we have a directed set and because
gi|Lj

= gj . This is also a homomorphism (check), so φ(g) = (gi) and φ is surjective.

0.2 Complete Local Rings

Let R be a commutative ring with unity, and fix an ideal I of R. We have quotient maps
R/I i → R/Ij for i ≥ j. We can construct an inverse system of rings, (R/I i), and we will get a
new category, as before, except now it is a category of rings. Then we will get a terminal object
lim←−R/I

i in the new category, with the same proof as before (however, one much check that it
is a ring).

Example: Let R = Z, I = pZ (p prime). Then RI is not Ẑ. RI is the ring Zp of p-adic integers,
Zp = {(a1, a2, . . . )|ai ∈ Z/pi, ai (mod pj) = aj whenever i ≥ j}. In fact, Ẑ =

∏
p Zp.

Remark: If I is a maximal ideal, then RI is a local ring (i.e., has a unique maximal ideal).

Exercise: Show that pZp is a unique maximal ideal in Zp.
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